Abstract. The Chern character maps are one of the most important working tools in mathematics. Although they admit numerous different constructions, they are not yet fully understood at the conceptual level. In this note we eliminate this gap by characterizing the Chern character maps, from the Grothendieck group to the (negative) cyclic homology groups, in terms of simple universal properties.
introduction
In his foundational work, Chern [2] introduced character maps from K-theory to de Rham cohomology in order to study complex vector bundles on smooth manifolds. Chern's construction made use of connection forms, exterior derivatives, . . . go form the Grothendieck group to the (negative) cyclic homology groups; see [6, §8] . Connes's construction made use of idempotents, a generalized trace map, . . .
Latter, in the nineties, McCarthy [7] and Keller [5] extended 1 the Chern character maps (1.1) from k-algebras to dg categories; see §2 for the notion of dg category. Given a commutative and unital base ring k, we have natural transformations
between functors defined on the category of small dg categories and with values in abelian groups; see [7, §4.4] [5] . The construction of the Chern character maps (1.2) made use of simplicial S 1 -fixed points, a generalized S • -construction, . . . At this point one wonders if it is possible to isolate the fundamental properties of the Chern character maps while discarding specific constructions without loosing any information. The natural question is the following :
In this note we provide an absolute and a relative solution to this question. Recall form §3 the description of the canonical isomorphisms
Theorem 1.3 (Absolute characterization). The canonical maps
are isomorphisms of abelian groups. Here, k stands for the dg category with a single object and with k as the (dg) k-algebra of endomorphisms, [k] stands for the class of k (as a module over itself ) in the Grothendieck group K 0 (k) = K 0 (k), and Nat stands for the abelian group of natural transformations (with group structure given by objectwise addition).
Under the canonical isomorphisms (1.4) and (1.5), the Chern character maps ch − and ch n (1.2) are characterized as the natural transformations corresponding to the unit 1 of the base ring k.
Recall from [6, §5.1.8] the sequence of natural transformations To the best of the author's knowledge, Theorems 1.3 and 1.7 offer the first conceptual characterization of the Chern character maps. Theorem 1.3 characterizes the Chern character maps among all natural transformations and Theorem 1.7 asserts that, up to compatibility with the sequence (1.6), there is only one Chern character map. It is expected that the conceptual understanding here presented will play a catalytic role in the several branches of mathematics where the Chern character maps are used. This will be the subject of future research. Convention 1.9. In the sequel k denotes a commutative base ring with unit 1.
Additive invariants of dg categories
In this section we review and develop some of the ingredients of the theory of additive invariants of dg categories [9, 10] which will be used in the proofs of Theorems 1.3 and 1.7.
A differential graded (=dg) category (over the base ring k) is a category enriched over complexes of k-modules (Hom-sets are complexes) in such a way that the composition fulfills the graded Leibniz rule
In particular, a dg category with a single object is simply a dg k-algebra. For a survey article on dg categories we invite the reader to consult Keller's ICM adress [4] . We denote by dgcat the category of small dg categories.
As in the case of a (dg) k-algebra, given a dg category A we can consider its derived category D ( Let A be a dg category. Consider the dg category T (A) whose objects are the pairs (i, x), where i is an element of the set {1, 2} and x is an object of A. The complex of morphisms in T (A), from (i, x) to (i ′ , x ′ ), is given by A(x, x ′ ) if i ′ ≥ i and is 0 otherwise. Composition is induced by the composition operation in A; see [9, §4] for details. Note that we have two natural inclusion dg functors
Definition 2.1. Let E : dgcat → D be a functor with values in an additive category. We say that E is an additive invariant if it satisfies the following two conditions :
(i) it sends the Morita equivalences to isomorphisms; (ii) given any dg category A, the inclusion dg functors induce an isomorphism
A morphism of additive invariants is a natural transformation of functors. We denote by Fun A (dgcat, D) the category of additive invariants with values in D.
Example 2.2. Examples of additive invariants with values in (the additive category of) abelian groups include the Grothendieck group functor (K 0 ), the cyclic homology group functors (HC n , n ≥ 0), the zero periodic homology group functor (HC per 0 ), the zero negative homology group functor (HC − 0 ), . . .; see [9, §6.1-6.2]. As in the case of (dg) k-algebras, given two dg categories A and B, we can form its tensor product A⊗B (and also its derived version A⊗ L B); see [4, §2.3] . Consider the additive category Hmo 0 whose objects are the small dg categories and whose abelian groups of morphisms are given by which is the identity on objects and maps a dg functor F : A → B to the class in the Grothendieck group K 0 rep(A, B) of the bimodule in rep(A, B) naturally associated to F . Since the functor U A is the identity on objects, we will write, whenever it is clear front the context, A instead of U A (A). If η is an element of Nat(E, E ′ ), i.e. a morphism η : E ⇒ E ′ of additive invariants, then η : E ⇒ E ′ , with η(A) := η(A) for every dg category A, is a natural transformation of additive functors. We obtain then a well-defined functor
Making use of [9, Thms. 5.3 and 6.3], we observe that the functors (U A ) * and (−) are (quasi-)inverse of each other. This achieves the proof. Notation 2.6. We will denote by k the dg category with a single object and with k as the (dg) k-algebra of endomorphisms.
Lemma 2.7. ([9, Lem. 6.5]) Given any dg category A, we have a natural isomorphism of abelian groups
Hom Hmo 0 (k, A) ≃ K 0 (A) .
Canonical Isomorphisms
In this section we describe the canonical isomorphisms
Straightforward computations show that in the cyclic bicomplex CC(k) [6, §2.1.2] the maps
are given as follows (where k ⊗m was naturally identified with k) : b = 0 for n odd id for n even −b ′ = − id for n odd 0 for n even (1 − t) = 2 id for n odd 0 for n even N = 0 for n odd (n + 1) id for n even Therefore, in the total complex Tot CC(k) the differential map
vanishes for m even and is surjective for m odd. This implies that for n ≥ 0, we have HC 2n+1 (k) = 0 and HC 2n (k) = Z 2n (Tot CC(k)) .
A careful calculation shows that Z 2n (Tot CC(k)) is the free k-module of rank one generated by the canonical cycle
The isomorphisms ψ n , n ≥ 0, are then the unique k-linear maps that send the canonical generator u n to the unit 1 of the base ring k. Now, recall from [6, Prop. 5.1.9] Milnor's short exact sequence
Since HC 2n+1 (k) = 0 for n ≥ 0, the Mittag-Leffler condition [6, §5.1.10] is automatically fulfilled and so the lim 1 -term vanishes. We obtain then a canonical isomorphism
Moreover, the periodicity map S [6, §2.2], which is induced from the truncation of the cyclic bicomplex, sends the canonical generator u n of HC 2n (k) to the canonical generator u n−1 of HC 2n−2 (k). These facts imply that HC − 0 (k) is the free k-module of rank one generated by the canonical cyle
The isomorphism ψ − is then the unique k-linear map that send the canonical generator u ∞ to the unit 1 of the base ring k.
Absolute characterization
Proposition 4.1. Let E : dgcat → Ab be an additive invariant with values in (the additive category of ) abelian groups. Then the canonical map
is an isomorphism of abelian groups. Here, [k] stands for the class of k (as a module over itself ) in the Grothendieck group K 0 (k) = K 0 (k) and Nat stands for the abelian group of natural transformations (with group structure given by objectwise addition).
Proof. The functors K 0 and E are additive invariants and so they belong to the category Fun A (dgcat, Ab). Using the functor (2.5) we obtain then an isomorphism
which is moreover compatible with the group structure (on both sides) given by objectwise addition. Thanks to Lemma 2.7 the additive functor K 0 is corepresentable in Hmo 0 by the object k. Therefore, since every additive functor is a Ab-functor [1, Def. 6.2.3], the enriched Yoneda Lemma [1, Thm. 8.3.5] furnish us an isomorphism of abelian groups
Note that by construction of Hmo 0 , the identity id k of the object k in Hmo 0 corresponds to the class [k] of k (as a module over itself) in the Grothendieck group 3 Note that (2i)! i! and (2i)! 2(i!) are integers.
we conclude that the canonical map (4.2) is the composition of the isomorphisms (4.3) and (4.4) . This achieves the proof.
Proof of Theorem 1.3. We have the equalities
and HC 2n (k) = HC 2n (k) , n ≥ 0 and the functors HC − 0 and HC 2n , n ≥ 0, are additive invariants with values in abelian groups. Therefore, the canonical isomorphisms (1.4) and (1.5) follow from combining Proposition 4.1 with the isomorphisms ψ − and ψ n . Now, let ch n be a Chern character map. Thanks to the agreement property [7, §4.5], when we evaluate ch n at k we obtain the map . Using ψ n , we conclude that under the canonical isomorphism (1.5), the Chern character map ch n is characterized as the natural transformation corresponding to the unit 1 of the base ring k.
We now consider the Chern character map ch − . Thanks to the agreement property [7, §4.5], when we evaluate ch − at k we obtain the map Thanks to Theorem 1.3 the Chern character map ch n corresponds, under the canonical isomorphism (1.5), to the unit 1 of the base ring k. Therefore, using the above commutative diagram (5.1), we conclude that ch n is in fact the unique natural transformation such that S (n−m) • ch n = ch m . This shows item (i).
